Abstract. Two properties of subspaces of Banach algebras are introduced. These are closely related to Mathieu's concept of ultraprime Banach algebras. Special attention is paid to nested C * and W * algebras.
Introduction
Let A be a Banach algebra. Then, for each a, b ∈ A the bounded linear operator M a,b : A → A is defined by M a,b x = axb. Linear combinations of such operators are called elementary operators, and have been widely studied in recent years (see, for example, the collection of articles in [M3] ). As part of his development of the study of elementary operators and related topics, M. Mathieu introduced (in [M1] ) the idea of an ultraprime Banach algebra. An algebra A is defined to be ultraprime if there is a positive number c such that c a b ≤ M a,b for all a, b ∈ A. In this note we shall introduce and examine two concepts closely related to this idea. Indeed, both new concepts have to do with subsets of a given Banach space forcing a type of local ultraprime behavior on A. As an application of these ideas, we give a proof of a conjecture of J. Deddens. Although this conjecture has been confirmed independently by (at least) three authors, the techniques employed here should be applicable in other Banach algebra investigations.
Definition. Let A be a Banach algebra and let K be a nonempty subset of A other than {0}. For a and b in A, let M a,b | K = sup{ akb k : k ∈ K, k = 0}. We say that K is controlling in A if there is a positive number e such that
We say that K is supporting in A if there is a positive number d such that
Note that A is ultraprime if and only if A is controlling in A.
Notation. The collection of sets which are controlling in A is denoted by c(A). Similarly, s(A) denotes the collection of sets which are supporting in A.
The proof of the following proposition is straightforward and omitted.
Proposition.
Let A be a Banach algebra and let K be a nonempty, nonzero subset of A. Then (a) A is ultraprime if and only if for all sequences {a n }, {b n } in A, sup n M an,bn < ∞ implies sup n a n b n < ∞, (b) K is controlling in A if and only if for all sequences {a n }, {b n } in A,
The next result establishes some relationships among the three properties described above. The proof is followed by an example showing that the set inclusion in part (a) may be proper. Of course this can also be deduced from part (b), but it seems appropriate at this point to provide an explicit example. 
Proposition. Let
cd a b ≤ d M a,b ≤ M a,b | K .
This shows K ∈ c(A), hence s(A) ⊂ c(A). In view of part (a), we have c(A) = s(A).
The ultraprime concept is not, in general, of much use when A is abelian, since in that case M a,b is the operator of multiplication by ab, and there is in general no hope of bounding a · b above by a scalar multiple of M a,b . This lack of applicability carries over to controlling sets as well. However the idea of a supporting set may still be useful in the abelian setting. Consider the case of A = l
. By choosing a and b to be unit vectors in l ∞ with disjoint supports, we see that
Support and control in C * -algebras
In what follows, for S a subset of an algebra A, S denotes the commutant of S; that is, S = {a ∈ A: ∀s ∈ S, as = sa}.
Theorem. (a)
Let B be a C * subalgebra of a von Neumann algebra A. If B is weakly dense in A, then B ∈ s(A).
(b) Let H be a Hilbert space and let B be a C * -subalgebra of L(H), the ring of all bounded operators on H. Then B is weakly dense in L(H) if and only if B ∈ s(L(H)).
Proof. (a) Suppose B is weakly dense in A. Then, given T ∈ A, there is a net {B λ } in B such that {B λ } converges weakly to T . Using the Kaplansky Density Theorem, we may assume that B λ ≤ T for all λ. For A, C ∈ A, we have AB λ C w − → AT C. Furthermore, since the unit ball in A is weakly compact, we see that
Taking the supremum over T in the unit ball of A, we conclude that
Then there is an orthogonal projection P ∈ B with P = 0, P = I. For each n ∈ N, set A n = nP + 1 n (I − P ) and C n = A −1 n = 1 n P + n(I − P ). (As usual I denotes the identity operator.) Now A n , C n ∈ B implies that M An,Cn | B is the identity operator on B for every n ∈ N. Thus, M An,Cn | B = 1. On the other hand, if we let u, v be unit vectors in H such that P u = 0 and P v = v and define u ⊗ v : H → H by (u ⊗ v)w = w, u v, we have
Therefore M An,Cn ≥ n 2 for all n ∈ N, and consequently B / ∈ s(L(H)).
Remarks. 1. Mathieu has established the elegant fact that a von Neumann algebra is ultraprime if and only if it is a factor ([M2]). In particular L(H) is ultraprime and part (b) of Proposition 2 yields s(L(H)) = c(L(H)). Thus the conclusion of Theorem 3 is equivalent to "B is weakly dense in L(H) if and only if B ∈ c(L(H))."
We shall make use of this fact later in this note. 2. The example following Proposition 2 gives a nonfactor von Neumann algebra (l ∞ acting on l 2 ) and a weakly dense * -subalgebra (c 0 ) which is supporting but not controlling.
3. The second part of the preceding proof is applicable in more general circumstances. For example, suppose that the nonabelian algebra A has unit 1 and P is an idempotent in A other than 0 or 1. Suppose also that K is a member of A for which P K(1 − P ) = 0. Then no subset of {P } can be supporting for A. Indeed, if B ⊂ {P } and A n and C n are defined in terms of P as in the proof of Theorem 3, then M An,Cn K = P KP + (1 − P )K(1 − P ) + n 2 P K(1 − P ) + 1 n 2 (1 − P )KP . Thus lim n→∞ M An,Cn K = ∞, while for all n, M An,Cn | B = 1.
4. The proof presented for part (b) of Theorem 3 works in the more general setting of part (a) so long as the relative commutant B ∩ A is nontrivial. It is shown below (Proposition 7) that if this relative commutant is nontrivial, then B cannot be controlling for A. We do not know if the converse of part (a) holds in general.
Our solution to the problem posed by Deddens alluded to in the introduction of this article is based on the following corollaries. (A precise statement of Deddens' problem is contained in the remarks below.) 4. Corollary. Let H be a Hilbert space and let K(H) denote the collection of compact operators on H. Then
Proof. K(H) is a weakly dense C * subalgebra of L(H).
Corollary.
Let {A n } and {B n } be sequences of operators on a Hilbert space H such that for all compact K, sup n A n KB n < ∞. Then sup n A n B n < ∞.
Proof. For each n ∈ N, M An,Bn is pointwise bounded on K(H) hence, by the uniform boundedness principle, M An,Bn | K(H) is bounded. Since K(H) is controlling in L(H), the conclusion follows.
Remarks. 1. Although Corollaries 4 and 5 were stated in * algebra format, the results remain valid when K(H) is replaced by O, the set of rank one operators on H; i.e., O ∈ c(L(H)). Indeed, for A and B in L(H) and unit vectors u and v in H,
2. Suppose A is an invertible operator. Then, applying the preceding remark to the sequences
This finiteness condition is in fact necessary and sufficient to deduce that A is similar to a multiple of a unitary operator ([Sz-N] ). This relates directly to the following problem raised originally by J. Deddens in [D] :
Given an invertible operator A for which the sequence A n KA −n is bounded for every K ∈ L(H), must A be similar to a scalar multiple of a unitary operator ? Affirmative answers were provided independently by J. Stampfli ([S] ), D. Herrero ([H1] , [H2] ), and J. P. Williams ([W] ). These authors all noted that, in fact, it suffices to hypothesize only the boundedness of A n KA −n for all rank one operators K.
We now examine some questions about controlling von Neumann algebras.
6. Proposition. Suppose V and W are von Neumann subalgebras of L(H) for some Hilbert space H. If W is a type I factor and V is a controlling subspace in
Proof. Given a type I factor W there is a Hilbert space J and an isometric isomorphism φ mapping W onto L(J ) ( [T] ). Now V ∈ c(W) if and only if there is an e > 0 such that for all w 1 , w 2 ∈ W e w 1 w 2 ≤ M w1,w2 | V .
Because φ is isometric, the inequality above is equivalent to
When w ∈ V we have
and we may rewrite (2) as
Because φ maps W onto L(J ) and (1) is equivalent to (3), we conclude that V ∈ c(W) if and only if φ(V) ∈ c(L(J )). Utilizing the remark following Theorem 3, we see that the statement
7. Proposition. Suppose V and W are von Neumann algebras such that V ⊂ W and V ∈ c(W). Then V ∩ W = CI.
Proof. Assume, to the contrary, that V ∩ W = CI and let P be an orthogonal projection in V ∩ W other than 0 or I. As in the proof of Theorem 3, for each n ∈ N, we set A n = nP + 1 n (I − P ) and
2 . This contradicts the supposition that V ∈ c(W) and the desired conclusion follows.
Proposition 7 gives another proof of Mathieu's result that the only ultraprime von Neumann algebras are factors (recall that A is controlling in A if and only if A is ultraprime):
Note that we could not use the proof given in Theorem 3 to prove that V ∈ s(W) implies V ∩ W = CI because the rank one operators u ⊗ v need not be in W. (If they were, then since V is always supporting in V, we must have V ∩ V = CI.) 9. Corollary. If V and W are von Neumann algebras with V ⊂ W and V ∈ c(W), then both V and W are factors.
Proof. Note that V ∩ W contains both centers.
Question. Are there non-type I factors with proper controlling subfactors?
We end this note with the establishment of a method for obtaining controlling sets from other controlling sets.
10. Theorem. Suppose B is controlling in a Banach algebra A, a ∈ A, and suppose that there is a δ > 0 such that for all x ∈ A, a 2 x ≥ δ ax and xa 2 ≥ δ xa . Then where B 1 is the unit ball in B. The existence of the constant d > 0 is assured because B is controlling in A. Now, using the additional inequalities given in the hypothesis of the theorem, we obtain sup b∈B1 (aa 1 a)(aba)(aa 2 a) ≥ dδ 2 aa 1 a aa 2 a . (4)
